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Abstract
I outline a philosophy of critical mathematics education by addressing conceptions of social justice, mathematics in action, students’ foregrounds, teachers’ life-worlds, sustainability, citizenship, dialogue, and critique. To critical mathematics education, critical activities are considered to be supported and energised by dialogical processes. It is important to be critical with respect to mathematics, which means to be ready to question any form of assumed mathematical knowledge and to question any form of the bringing of mathematics in action. It is also important to be critical by means of mathematics, which means to be ready to draw on mathematical resources when questioning cases of social injustice. Like dialogue, critique is open-ended. No critique can reach definite validity. Critique continues tentatively and preliminary. This observation has implications for any critical enterprise, but particularity for critical mathematics education.


In 1994, I published the book Towards a Philosophy of Critical Mathematics Education. The very word “towards” in its title indicates that something more conclusive and clarified can be expected. I now find time has come for me to try to write a text with the title A Philosophy of Critical Mathematics Education, even though still I do not feel myself quite ready to do so.[footnoteRef:1] [1:  For a presentation of critical mathematics education, see, for instance, Alrø, Ravn and Valero (2010); Ernest, Sriraman and Ernest (2015); and Skovsmose (2011, 2020a).] 

A philosophy of mathematics education is different from practices of mathematics education and also from theories of mathematics education. A philosophy has its focus on ideas and conceptions, and their interrelationships. However, contrary to many positions in philosophy, I am not concerned about keeping any clear demarcation between, on the one hand, a philosophy of and, on the other hand, practices of and theories of.
A philosophy of critical mathematics education brings some issues into focus, and in the following I pay special attention to conceptions of social justice, mathematics in action, students’ foregrounds, teachers’ life-worlds, sustainability, citizenship, dialogue, and critique. I do not claim that these conceptions are the only ones important for mapping out a philosophy of critical mathematics education, but they help me to express such an endeavour. (Thus the title of this paper is “A Philosophy of Critical Mathematics Education” and not “The Philosophy of Critical Mathematics Education”.)[footnoteRef:2] [2:  For a discussion of the philosophy of mathematics education in general, see, for instance, Ernest (2018). For a presentation of a philosophy of mathematics that resonates with critical mathematics education, see Ravn and Skovsmose (2019).] 

	What might we come to expect from such a philosophy? It addresses ideas and conceptions, and it points out relationships between them. It might also help to draw attention to new perspectives, to formulate questions, and to articulate uncertainties. However, one should not expect a philosophy of critical mathematics education to bring about reliable guidelines for educational theorising, nor for educational practices.


1. Social Justice

Any form of critical education, including critical mathematics education, recognises that education has a socio-political role to play by constituting part of a struggle against oppression, atrocities exclusions, and in favour of social justice. Mathematics education for social justice is a label that is currently used quite broadly, and I do not try to make any distinction between this education for social justice and critical mathematics education.
	The notion of social justice is far from being straightforward or transparent. It needs to be handled with great care, as it might be stuffed with common-sense interpretations, assumptions, and preconceptions. Nevertheless, social justice is an important notion for critical mathematics education to operate with.
	Clarifying what “justice” could mean, is a classic preoccupation of western philosophy. In the dialogue The Republic, Plato addressed the notion, and according to him, the very idea of justice is located in the world of ideas, and one needs to discover what justice really means by exploring this world.[footnoteRef:3] This is a process quite similar to discovering mathematical truths, as the real mathematical objects belong to the same world of ideas, still according to Plato. The notion of justice has also been addressed by many religious thinkers such as, for instance, Augustin and Thomas Aquinas. According to some religious dogmatism, it is possible to discover what justice does mean by carefully studying the Bible. [3:  See Plato, The Republic. Translated by Benjamin Jowett. The Internet Classics Archive. http://www.constitution.org/pla/republic.htm.
] 

	The notion of “social justice” entered the philosophic terminology much later than the notion of “justice”, namely in 1848 when it appeared in the title of the book Costituzione secondo la giustizia sociale (The Constitution under Social Justice) written by Antonio Rosmini-Serbati (2007). Here we find social justice related to both religious conceptions and to political ideas circulating at the time. The same year, several countries in Europe experienced social upheavals and revolutions, and Karl Marx and Friedrich Engels published The Communist Manifesto.
	To me it is important not to consider the identification of what social justice could mean as a process of discovery, but as a process of construction. In the article “Critical Constructivism: Interpreting Mathematics Education for Social Justice” (Skovsmose, 2018b), I have advocated the idea of ethical constructivism. I find that ethical conceptions, like social justice, do not emerge from philosophical principles, ethical assumptions, religious dogmas, nor form empirical evidences, but through processes of social construction.[footnoteRef:4] But which? [4:  Constructivism with respect to mathematics is a well-argued position confronting any version of Platonism. The idea that mathematical truths represent social constructions has been advocated by Ernest (1998) drawing in particular on inspiration from Wittgenstein and Lakatos. I agree with the perspective of social constructivism with respect to mathematics, and I find that a similar constructive perspective to be relevant with respect to ethics.] 

	In search for an answer to this question, I find inspiration in ideas presented by John Rawls, who addressed the question of how to identify justice in a society.[footnoteRef:5] To Rawls this can be reached through a process of dialogue within a group of people where two conditions are fulfilled. First, that everybody from the group is going to live in the society. Second, that nobody knows in advance what position they are going to obtain: being rich or poor, ill or health, man of woman, black or white, etc. In other words, Rawls presents idealised as well and impossible conditions for establishing an ethical constructive process. [5:  See also Rawls (1999).] 

	Inspired by Rawls I move on and consider the construction of ethical positions, including a conception of social justice, as taking place – not in any imagined congregations – but in real-life contexts. One such context is the classroom. I think of mathematics education for social justice in terms of processes that engage students in the very formulation of what social justice could mean.[footnoteRef:6] Thus, I do not see a mathematics education for social justice as a teaching of students about social justice, but as an education that engages students in deliberations with respect to what social justice might mean. [6:  See also Skovsmose (2012).] 

	As an example of addressing and reworking conceptions of social justice, I can refer to the project Bolsa Familia presented by João Luiz Muzinatti (2018). He worked with students from an upper-middle-class neighbourhood in São Paulo. Bolsa Famila is the name of a social support system, implemented in Brazil. This system has, however, been subjected to much middle-class critique of the form: Why give money to people that do not want to work? Why develop laziness among poor people? Why waste money that could be used much better elsewhere? Etc. Through the project, Muzinatti challenged such conceptions, and in this way he set in motion a reconsideration of what social justice could mean.
	I do not find that critical mathematics education can operate with any pre-defined understanding of social justice, but I do find that it needs to engage students in expressing what could be considered as social oppression, economic inequalities, structural poverty, social exclusion, patterns of sexism, and systemic racism. By exploring such issues through dialogic interactions, the very conception of social justice might be reformulated and further developed.


2. Mathematics in Action

Adopting a critical mathematics education perspective it is important to address the question: What socio-political roles might mathematic be playing? By raising this question, critical mathematics education distances itself from any view of mathematics as being “harmless and innocent”, but brings into focus the relationships between mathematics and power.
	The claim of mathematics being innocent and harmless was formulated by Godfrey H. Hardy in the book A Mathematician’s Apology, first published in 1940. Hardy was deeply concerned about the role that science might be playing in warfare. This was a preoccupation provoked by the First World War, which to Hardy and many others revealed the deep involvement of science in the development of the war machinery, and for ensuring that killings could take place on an industrial scale. But what about mathematics? Hardy was worried, but he states:

There is one comforting conclusion that is easy for a real mathematician. Real mathematics has no effects on war. No one has yet discovered any warlike purposes to be served by the theory of numbers or relativity, and it seems very unlikely that anyone will do so for many years. (Hardy, 1967. p. 140)

We need to be aware that Hardy does not talk about mathematics in general, but about what he refers to as real mathematics. He observes that some branches of applied mathematics, such as ballistics and aerodynamics, have been “developed deliberately for war and demand a quite elaborate technique: it is perhaps hard to call them ‘trivial’, but none of them has any claim to rank as ‘real’. They are indeed repulsively ugly and intolerable dull…” (p. 140). Hardy is clear: some branches of mathematics, such as ballistics and aerodynamics, do play a role in developing war technology, but they are repulsive and ugly. However:

[A] real mathematician has his conscience clear; there is nothing to be set against any value his work may have; mathematics is […] a “harmless and innocent” occupation. (pp. 140-141)

According to Hardy, real mathematics is harmless and innocent, and his basic argument for making this claim is straightforward and simple: Real mathematics cannot find any applications. It has no utilitarian value. It is useless: “I have never done anything ‘useful’. No discovery of mine has made, or is likely to make, directly or indirectly, for good or ill, the least difference to the amenity of the world.” (p. 150) According to Hardy, real mathematics is without utilitarian value, and therefore it can be characterised as being “harmless and innocent”.
	As examples of real mathematics Hardy referred to the theory of number and relativity. Hardy counted Albert Einstein as a real mathematician; he also considered Isaac Newton as being so. However, already when Hardy was writing that real mathematics is harmless and innocent, the very conception of the atomic bomb was in gestation. Hardy died in 1947, and witnessed the devastating application of the theory of relativity. Had Hardy lived 20 more years, he would have witnessed how the theory of numbers came to play a crucial role in cryptography and turned into an integral part of the modern war machinery.
	Although Hardy’s augmentation is directly falsified, his conception of mathematics as being harmless and innocent continues being broadly assumed. It dominates research paradigms in mathematics, according to which research has to concentrate on intrinsic mathematical problems, and not to engage in elaborations about the possible social impact of mathematics.
	However, there is nothing harmless and innocent related to mathematics, real or applied or whatever. The intimate relationships between mathematics and power can be explored by examining different ways of bringing mathematics in to action, and let me here mention the following five:[footnoteRef:7] [7:  See, for instance the Part 4 “Mathematics and Power” in Skovsmose (2014b), and Skovsmose (2019, 2020b, 2021a).] 

	(1) Technological imagination. Different technological inventions brought the Industrial Revolution forward, such as the invention of the spinning machine and the construction of the steam engine. The Digital Revolution was also brought forward by the construction of new technologies, as the computer and the internet. However, while the technological imagination that anticipated the spinning machine and the steam engine might be based on mechanical insight, the technological imagination that anticipated the construction of the computer and the internet is based on mathematics. In general, mathematics has come to play a crucial role in identifying new technological possibilities, and such possibilities might include fascinating scenarios as well as devastating risks. By forming technological possibilities, mathematics in action has a profound social impact in forming both our present and our future.
	(2) Hypothetical Reasoning. It is most common to ask: What would happen, if …? A company may ask: What would happen to our production, if we invest in some further automatisations? A government may ask: What would happen to the gross national income, if we lower the taxation of big companies? And organisation might ask what climate changes might be expected, if the current pattern of production and pollution continues as it is? Mathematical modelling plays a crucial role in articulating hypothetical reasoning by establishing conditions for making experimental forecasting. Such forecasting takes place when parameters of a model get systematically changed, and the consequences of the changes become calculated. Mathematics formats any form of hypothetical reasoning, as it becomes based on quantitative measures while qualitative features become eliminated from valid consideration.
	(3) Justification and legitimation. Any kind of decision-making might be in need of justifications. In some cases, however, one should rather talk about legitimations, by which I refer to apparent justifications that rather try to conceal other, maybe less noble, reasons for a decision. For providing justifications, as well as legitimations, mathematics often becomes brought in action. By structuring argumentations for decision-making, mathematics in action exerts a powerful, but also a questionable social impact.
	(4) Realisation. When we pay with a credit card, when money becomes transferred from one account to another, when e-mails and messages become exchanged, when automatic work processes become implemented, and when target searching missiles get fired, mathematics is brought in action. Not as any detached descriptive device that portrays transactions, communicative exchanges, automatisations, and trajectories of missiles, but as constitutive parts of these processes. In this sense, mathematics turns real.
	(5) Dissolution of Responsibility. When one considers an action, it is natural to ask: Who is the acting subject? It could be a person, a group of people, a company, an institution, or a government. However, when we are dealing with mathematics brought in action, the acting subject might be difficult to identify. When a decision becomes based on some quantitative measures, it might appear depersonalised and therefore objective and neutral. However, mathematics might hide a range of priorities, assumptions, and ideologies integrated in the way mathematics was brought in action. Mathematics in action might include a hiding of the acting subject and this way create a pseudo-objectivity.
	By paying attention to technological imagination, hypothetical reasoning, justification and legitimisation, realisation, and dissolution of responsibility, I have tried to clarify different forms of interconnections between mathematics and power. Mathematics provides resources that can be brought in action for any kind of purposes and with different kind of social impact. There are no particular attractive qualities to be associated to mathematics-based actions, due to the fact that they are mathematics based.
	In my outlining of forms of mathematics in action so far, I have first of all had advanced mathematics in mind. However, mathematics exists in many different forms: advanced mathematics, elementary mathematics, school mathematics, formal mathematics, non-formal mathematics, every-day mathematics, engineering mathematics, any forms of ethnomathematics, not to forget the so-called real mathematics. Any such form of mathematics can be brought in action, and done so for any kind of purpose. No mathematics is harmless or innocent.


3. Students’ Foregrounds

Several educational theories have assumed a rather simplified conception of students. Behaviourism is a classic example, seeing learners as stimulus-response systems. Through his genetic epistemology, Jean Piaget provided a different simplification of learners. They became interpreted as cognitive machineries, and learning seen as processes of assimilation and accommodation.[footnoteRef:8] [8:  For a brief summary of genetic epistemology, see Piaget (1970).] 

	To critical mathematics education it is crucial not to make any simplified interpretation of students, but to see them as full human beings located in a complexity of life-worlds. By life-world I refer to the social structuring of a person’s conditions and opportunities in life. It is a structuring formatted by factors such as systemic poverty, cultural traditions, religious convictions, political powers, and dominant discourses. However, a person’s life-world is not just formed through such external social structuring, but also through the person’s subjective experience of such structuring.[footnoteRef:9] [9:  The notion of life-world have also been explored by phenomenology, however, my use of the notion is different from this. For a clarification of this difference, see Skovsmose (2014a).] 

	An important province of a student’s life-worlds, is the student’s foregrounds.[footnoteRef:10] By this expression I refer to the opportunities in life that are available for the students. These opportunities form the horizon towards which the students may direct their actions. The opportunities can be very different for different groups of students. Statistics shows that the likelihood that students get further education, come to enjoy adequate economic security, get access to health care, and so on, depends on factors such as gender, ethnicity, and economic resources. Such factors, I refer to as the social conditioning of foregrounds. However, as with life-worlds so also foregrounds are formed through students’ subjective elaborations of the social conditionings. [10:  For discussion of students’ foregrounds, see Skovsmose (2014a, 2018a).] 

	In trying to understand students’ motives, or lack of motives, for learning, it is important to consider their foregrounds and what they consider being their possibilities in life. Teachers might find that the students do not want to engage in the mathematical activities that they have prepared for them so carefully. The students may not care, even though, by all standards, the activities appear fascinating. The students might even try to obstruct the teaching. Why? Well, we do need to consider that such explanations need not be located within the classroom itself. They need not have anything to do with the teachers, their preparations, or the nature of the mathematical activities presented to the students. It could be that the students are subjected to a devastating social conditioning of their foregrounds. It could be that they have acknowledged that they, realistically speaking, cannot dream of any further education, and certainly not any further education where they can make use of mathematics. The students might experience that they are living in a hopeless situation. Hopelessness is a devastating obstruction to learning.
	The notion of foreground provides a starting point for interpreting students’ performances, also in mathematics. Let me mention an example that I have referred to several times.[footnoteRef:11] During the apartheid period in South Africa, one finds much educational research conducted by the white establishment in black education. It was a general preoccupation then to explain why black children’s performances in mathematics appeared weaker when compared to white children’s performances. The classic racist explanation was that due to some genetic conditionings, black children had difficulties in grasping, for instance, three dimensional geometric phenomena. What I ironically have referred to as “progressive racism” explains the black children’s apparently weak performances by referring to some social conditionings, one being that the father in a black family plays a dominant role which annihilates black children’s creativity. Whether we follow a classic or a progressive racist interpretation, we reach the conclusion that the black children themselves bring the cause of their failure in mathematics along with them to the school. [11:  See, for instance, Skovsmose (2005).] 

	I refuse any such interpretation. The black children’s life-worlds had been ruined and their foregrounds amputated, due to the brutality of the apartheid regime. The apartheid regime dumped back children into hopeless situations. To put it more starkly: The very apartheid regime was the principal cause of black students’ weak performances in mathematics. The apartheid regime may have now gone, but structural poverty may still form part of black children’s realities and continue dumping them into hopeless situations.
	With respect to any group of students manifesting an apparent weak performance in mathematics, one can consider what motives they might have for engaging in mathematics. One needs to consider to what extent the social conditioning of their foregrounds locates them in hopeless situations that prevent them establishing motives for learning mathematics.


4. Teachers’ Life-worlds

Like students, so also teachers have been subjected to simplifications through educational theorising. The Modern Mathematics Movement as developed throughout the 1960’s and 1970’s represents one such example.
	This reform movement was based on well-elaborated mathematical ideas, in particular that formulated by Bourbaki, a pseudonym for a group of mostly French mathematicians adopting a structuralist approach. Bourbaki characterised mathematics as a logical architecture, whose foundation was ensured by set theory. According to the Modern Mathematics Movement, the educational organisation of mathematics should be similar to its logical organisation. Hence, as it is in mathematics, so also mathematics education should start out with set theory. How might we implement such a reform in mathematics education? Well, the teachers might not master the mathematical knowledge on which the reform was based. However, new textbooks became written and they were accompanied by detailed teacher manuals. If teachers just followed carefully all the prescriptions, the reform would be implemented with success. This was the assumption. The role of the teacher was to function as a mouthpiece, through which the reformers could talk directly to the students.
	Contrary to any such conception of teachers, I find it important to see teachers as forming an integral part of educational. Such processes are formed through meetings between students and teachers submerged in the complexities of life. This, I highlight by paying attention to students’ foregrounds and now to teachers’ life-worlds.
	Teachers are operating within a restricted set of possibilities formed by regulations, curriculum demands, and test requirements. Teachers are also operating in the labour market, which is structured by a range of political and economic factors. Teacher are not only educators but also salary workers. This double-role might lead to contradictory demands, for instance with respect to how much time to use on preparations. Teachers have families and private obligations that also might conflict with the demand of being well-prepared.
	In educational theories, teachers’ working conditions have normally not been addressed. Issues about salaries, working hours, holidays, time for preparation, time for collaboration with colleagues, and so on, have been considered trade union issues. However, I suggest it is crucial that we see such issues as educational issues as well. Teachers’ working conditions are changing dramatically. While previously, teachers could concentrate on content matter issues – meaning that mathematics teachers in their preparations could concentrate on coming to understand better some mathematical issues – teachers now also have to prepare for administrative meetings, to solving a range of social problems, to talk with parents, to take care of students with psychological and social problems, and so on.
	In the critical mathematics education literature, one finds descriptions of educational practices, where the teachers play an impressive role by engaging students in challenging activities, by conducting profound socio-political investigations, and by engaging the students in activist programmes. I admire the work of these super-teachers. However, I do not want to impose the role of a super-teacher as being a requirement for engaging with critical mathematics education. I find that any teacher could share the concern of critical mathematics education.[footnoteRef:12] [12:  What about talking about students’ life-worlds rather than about their foregrounds? This is a relevant point to consider. I have paid particular attention to a province of the students’ life-worlds, namely their foregrounds, but the discussion could be broadened to address students’ life-worlds in general.
] 



5. Sustainability

How much more of the remaining rainforest can be cut down before the living conditions on earth become intolerable? How much more plastic can be dumped into rivers and oceans before clean waters become a myth? How much more can the air become polluted, before breathing becomes a health problem?
	Today such questions are urgent, but it is only recently they came to form integral part of critical endeavours. The critical projects as launched by Immanuel Kant, Karl Marx, and Critical Theory had human knowledge, economic structures, and human relationships in focus, not the relationships between humanity and nature. To classic Marxism, nature was an infinite resource for material progress. At that point, Marxism shared the overall modern outlook: nature is a resource without limitations, and in order to ensure welfare and economic progress it needs to be used efficiently.
	The concern about sustainability developed in steps. One such step brought the Second World War to a close: the atomic bombs dropped over Hiroshima and Nagasaki. In the most brutal way, it became obvious that humanity had reached a tremendous capacity for destruction (and quite contrary to what Hardy did assume: reached such a capacity by means of real mathematics). An atomic war could destroy life on earth. Soon it became recognised that not only war technology, but also apparently “peaceful” technologies could have devastating implications for both humanity and nature. The construction and operation of atomic power plants not only served the production of energy, but brought about dramatic new risk structures. A risk need not become a reality, but the Three Mile Island accident took place in 1979, the Chernobyl accident took place in 1986, and the Fukushima-Daiichi accident in 2011. Many other forms of risks become an integral part of technological innovations. What long-term effects could the consumption of genetically-manipulated food have? Would the number of cancer cases increase dramatically in, sat, 20 years? Would new and until now unknown illnesses and pandemics emerge? No well-defined laboratory experiments can clarify such questions. We have to wait and see. As Ulrich Beck (1998) has observed: the whole society has turned into an experimental laboratory, where nobody is in charge. Beck (1992, 1999) coined the notion of risk society, where the relationship between humanity and nature has turned into a drama without any happy ending in sight.
	Richard Barwell (2013) has pointed out that environmental issues need to be critically addressed in mathematics education, and I agree with him: sustainability is a concern of critical mathematics education. Barwell is careful in addressing the role of mathematics in the discussion of climate changes, and he points out the ambiguity one can experience also in this case of bringing mathematics in action. Today weather forecast as presented in the news the world around, is based on advanced mathematical modelling, and making forecasts with respect to the climate of the planet presupposes even more complex modelling. We are dealing with paradigmatic cases of hypothetical reasoning and experimental forecasting. Simultaneously, the very application of mathematics establishes a particular perspective on the nature of climate change. It might appear possible to solve by modifying the values of some of the parameters that constitute the climate model. However, that solutions might be in reach can be an illusion generated by the mathematical formatting of the experimental forecasting.
	Like any case of mathematics in action, so also the use of mathematics addressing climate change needs to be critically addressed. An example of how this can be done in a mathematics teacher education programme is presented in the article “Categories of Critical Mathematics Based Reflection on Climate Change” by Kjellrun Hiis Hauge, Peter Gøtze, Ranghild Hansen and Lisa Steffensen (2017). The authors describe how they engaged prospective teachers in clarifying the structure of already existent mathematical models, and also how the prospective teachers themselves became engaged in modelling processes. The authors describe how critical reflections can be very detailed concerning, for instance, the correctness of calculations, the relevance of using particular algorithms, the consequence of making simplifications, and so on. They also outline the possibility of more overall reflections concerning the reliability of using mathematics, the possible distortions that might be caused by mathematics, and the risks provoked by the very use of mathematics. Thus the very emergence of the risk society is an example of the huge social impact of bringing mathematics in action.
	In 2021, Lisa Steffensen published the study Critical Mathematics Education and Climate Change: A Teaching and Research Partnership in Lower-Secondary School, which represents an important further development of critical mathematics education. Originally this approach to education focused on problems of social justice, while a concern about sustainability point in a new direction. I find it important that critical mathematics education operates with sustainability as one of its concerns, naturally without ignoring any its other concerns.


6. Citizenship

It seems straightforward to claim that schooling and the education system prepare students for citizenship. However, behind this apparently straightforward claim hides a huge complexity.
	We can consider different kind of societies and need to ask questions like: What could citizenship education mean in a country structured according to the capitalist mode of production and consumption? In a country permeated by religious convictions? In a country still suffering from colonial measures? In a country governed by totalitarian regimes? In a country assuming a caste system, such as India? In a country occupied by other forces, such as Palestine? For people entering another country as immigrants or refugees? In each and every case, one could think of an education for citizenship as an accommodation of people to the stipulated economic, political, and ideological order of things. Education for citizenship might be a suspicious enterprise.
	It seems important to make a distinction between an education that tends to bring about functional and adapted citizens, and an education that stimulates the formation of citizens ready to question a given social order. The second option, I am tempted to refer to a critical citizenship, but it might give the impression that citizenship is a bi-polar notion, stretching out between critical and uncritical forms. Rather I see citizenship as a multi-dimensional notion with a diversity of possible interpretations. What kind of citizenship to work towards, is a principal concern of critical mathematics education.
	An important ingredient in a critical mathematics education for citizenship is to confront democratic ideals with what becomes claimed to be democratic practices, and let us take a closer look at interpretations of democracy.
	The notion of democracy is stuffed with preconceptions. Taken literally the Greek word demos means “people”, and cratos means “rule”. So “ruled by people” looks like a direct interpretation of democracy. In Ancient Greece the ruling was only for “free men”, meaning that slaves and women had no voice in that democracy. In Two Treatises of Government from 1689, democratic ideals were advocated by John Locke (1988). However, at that time, democracy was, first of all, considered an instrument for the dominant class to get some control over the ruling monarch. Democracy was not for women, not for poor people, and certainly not for slaves. In was in fact only for some well-established landowners. It was for the nobility.
	Racism and sexism have been deeply engraved on the understanding of democracy. Thus, in England women only got the right to equal voting rights in 1928, in France in 1944, in Switzerland in 1971, and in Saudi Arabia in 2015. The apartheid regime in South Africa was not considered democratic. However, the apartheid regulations in the USA were only abolished by the Civil Rights Act of 1964. So how could one think of the USA as being an old democracy?
	The notion of democracy has been filled with preconceptions, and still it might be. One needs to contest the use of the notion, by asking questions like: Could a country with huge differences between poor and rich people be a democracy? Are democratic ideals compatible with the capitalist format of production and consumption? Do democratic ideals resonate with neo-liberal ideologies? Certainly, the notion of democracy is as difficult to handle as the notion of social justice. Both notions might include a variety of ambiguities, but simultaneously they might include resources for expressing visions about the future.
	New articulations of fascism can be heard all over the world. In the USA, the presence of what has been referred to as the alt-right movement is preoccupying much attention. In many European countries, extreme right-wing political parties enjoy growing popularity. One also meets public demonstrations of explicit Nazi sympathisers. One can try to draw parallels with what did happened previously, but today anti-democratic dynamics might be different from previously. We can observe new ways of organising propaganda, new strategies for articulating ideologies, new applications of technologies for shaping public opinions, and new patterns for manipulating social medias.
	Such processes might provoke erosions of democracy, which however can be address by means of mathematics. As an illustration let me briefly present the landscape Erosions of Democracy, which I have presented in more details elsewhere (Skovsmose, in preparation). According to my interpretation, democracy refers to at least four sets of ideals which concern: procedures for voting; fair distributions of welfare; equal opportunities and obligations for everybody; and rights to express oneself. Each of these ideals can be eroded, which is a concern of critical mathematics education.
	Mathematical complexities related to voting procedures have been investigated by Hand-George Steiner (1988), who shows how students from upper-secondary school can become engaged in addressing different forms of voting procedures including their possible limitations and mis-functionings. As mentioned, one could question to what extent a democracy could be functioning in a country with huge differences between rich and poor people. How could such differences be the expression of a shared will of the population? There are different ways of mathematically describing the distribution of income and fortune in a country, the GINI index being one such possibility. Such clarification might bring about an awareness of possible erosions of democracy, for instance due to the growth of systemic poverty. In a functioning democracy, one assumes that everyone becomes treated equally with respect to the law. However, at least in Brazil, it is possible to explore much statistical data that documents how the police and the legal system in general treat people differently depending on their economic status and ethnicity. The issue of freedom of speech concerns not only the right for everybody to articulate opinions about political, religious, cultural, or any issue for that matter. It also concerns the visibility of different groups of people in the media. In a democracy, the general obligation of the press is to give voice to everybody. However, it might turn out that the visibility of members of Congress, in certain media, depend on their political opinions, gender, and ethnicity. Such forms of erosion can be explored in detail through mathematical investigations.[footnoteRef:13]  [13:  Britto (in preparation) shows the visibility of white and black children in different magazines can be analysed mathematically, and his approach can be used for exploring visibility of any group of people in any kind of context. Barros (in preparation) explores the more general notion of representation, also crucial for addressing possible erosions of democracy.] 

	The very expression “erosion of democracy” seems to indicate that a functioning democracy did exist, but was subject to an erosion. To me the expression rather refers to the situation when one can observe some further distancing from assumed democratic ideals. Exploring the landscape Erosions of Democracy may lead to a new understanding of the very idea of democracy. Like social justice, I consider democracy a contested concept, which possible meanings need to be constructed through deliberations, which very well could take place in the mathematics classroom. This makes part of a critical mathematics education for citizenship.


7. Dialogue

According to critical mathematics education, dialogue plays a crucial role in learning processes.[footnoteRef:14] To think of learning in terms of dialogue, is far from a common conception. Neither behaviourism, nor Piaget, and neither the Modern Mathematics Movements paid much attention to dialogic processes. [14:  One might find that one should talk about teaching and learning, and not just about learning, but I let learning refer to a variety of interactive processes. In a school context it could be among students and between teachers and students.] 

	The whole school mathematics tradition can be seen as an obstruction for establishing mathematical learning as dialogue. In accordance with this tradition, the teacher presents new topics for the students. The presentation comes largely in a textbook, which includes an overwhelming number of exercises. The exercises are so well defined that they have one and only one correct answer. At universities, one also meets versions of the school mathematics tradition. In the lecture room, the teacher is supposed to present a piece of mathematical theory, including the formulations of theorems and proofs. The students might interrupt the lecturer and ask for further clarifications, but basically the task of the students is to take notes. Whatever we are dealing with primary, secondary, or university education, the school mathematics tradition does not create much space for dialog.
	To critical mathematics education, learning is a process of interaction between students and teachers with aspirations, ambitions, frustrations, worries, and intentions. Learning takes place through meetings between people with different foregrounds, located in complex life-worlds. Diverse patterns of interaction and dialogue are possible, and to critical mathematics education, dialogue plays a crucial role.
	Inspiration for assigning a special role for dialogue to play in educational processes comes from Paulo Freire. He saw learning as a political process addressing issues of oppression and socio-economic injustices. In order to play this role, education could not take the format of a delivery of informing. The very politicisation of education is based on dialogic interactions.
	Other people than Freire, have highlighted dialogue as being important for educational processes, although from a quite different perspective. In On Dialogue, David Bohm (1996) describes how dialogic processes play a crucial role in the formulation and development of scientific knowledge. One can see Imre Lakatos’ (1976) presentation in Proofs and Refutations as a recognition of the dialogical nature of developing mathematical knowledge.
	Such observations call for a clarification of the very notion of dialogue, which, however, one does not find in Freire’s writings. He operates with dialogise as a rather general notion, drawing on some intuitive interpretations of its meaning. Freire does not make attempts to provide an explicit definition of dialogue. Bohm makes some such attempts, but they remain in quite general formulations. Lakatos operates with dialogue as a pattern for his presentation, and his conception of dialogue remains implicit.
	In Dialogue and Learning in Mathematics Education, Helle Alrø and I tried to provide an explicit characteristic of dialogue. One could try to indicate the meaning of dialogue by showing examples of conversations where dialogue occurs. By such an approach, one applies a “definition by pointing”, also referred to as an ostensive definition. However, in the case of dialogue, “pointing at” is not in any way a straightforward act: What in fact are we to point at? Alrø and I tried to address this question by describing different particular communicative acts that we referred to as dialogic acts. We tried to describe these acts in such a way that it could be possible to observe them.
	The eight dialogic acts we had in mind we referred to as: getting in contact, locating, identifying, advocating, thinking aloud, reformulating, challenging, and evaluating. In order to specify further the conception of dialogue, Ana Carolina Faustino and I have characterised eight non-dialogic acts, namely: ignoring, distorting, confronting, ridiculing, disqualifying, excluding, stigmatising, and lecturing.[footnoteRef:15] Based on these specifications one can define dialogue as a process of communication where many dialogic acts and only a few non-dialogic acts do occur. Naturally, this definition leaves many things up in the air, but through it a further clarification of dialogue transfers to an observation-related framework.[footnoteRef:16] [15:  For a specification of dialogic and non-dialogic acts, see Alrø and Skovsmose (2004), and Faustino and Skovsmose (2020).]  [16:  This definition of dialogue is not circular, even though it refers to dialogs acts. The point is that for specifying the different dialogic acts, the notion of dialogue itself is not applied.] 

	Critical mathematics education arises from what can be referred to as dialogic epistemologies. This expression refers to epistemologies that consider the process of coming to know as being based on interactions. Freire, Bohm, and Lakatos all point at the importance of such epistemologies. In contrast to these, monologic epistemologies consider the processes of coming to know as being located in the individual human being. By focusing on individual processes of assimilation and accommodation, Piaget’s genetic epistemology is one such example. The school mathematics tradition, although implicitly, also operates within a monologic epistemology.[footnoteRef:17] [17:  Monologic and dialogic epistemologies are discussed in Alrø and Skovsmose (2004).] 

	Deriving from within a dialogical epistemology, critical mathematics education tries to create learning environments that stimulate dialogic interactions. In order to locate such environments, it becomes important to leave the school mathematics tradition, and to create landscapes of investigation. The projects Bolsa Familia and Erosions of Democracy illustrate how such landscapes might look.[footnoteRef:18] [18:  For an initial presentation of landscapes of investigation, see Skovsmose (2001).] 



8. Critique

Why should critical mathematics education be interested in dialogic learning? In order to answer this question, we need to take a closer look at the notion of critique. The Greek word kritikós refers to a capacity of judging and deciding. It is derived from the verb kríno, which means to separate, to distinguish, or to decide. In my interpretation of critique, I pay special attention to the act of questioning. However, to me critique reaches further than questioning by incorporating visions about possible answers and solutions.
	Through the work of Immanuel Kant, “critique” obtained star-status in western philosophy, somehow on equal terms with “justice” and “knowledge”. In 1781, Kant (1929) published Kritik der reinen Vernunft (Critique of Pure Reason), where he tried to outline the nature as well as the limits of knowledge. By doing so, he questioned what had been assumed to count as knowledge. By addressing the question: What is knowledge? Kant elaborated critique as an epistemic endeavour.
	Karl Marx engaged in a radical development of the concept of critique. In 1857, he published Zur Kritik der politischen Ökonomie (A Contribution to the Critique of Political Economy), where he outlined his whole project of addressing the political economy by a critique. His principal work, Das Kapital (The Capital), the first volume of which appeared in 1867, has the subtitle Kritik der politischen Ökonomie (Critique of Political Economy).[footnoteRef:19] While the critique provided by Kant addressed epistemological issues, the critique provided by Marx addressed economic structures. Marx wanted not only to criticise economic and political theories, but simultaneously to criticise the very economic and political realities themselves. By his critique, Marx questioned basic socio-economic structures of the capitalist economy, and simultaneously he provided visions of alternatives. The whole idea of turning critique into a political act was crucial to Marx. [19:  Marx’ works have been published in many editions; see, for instance, Marx (1970, 1992, 1993, 1993).] 

	Marx’s conception of critique became elaborated in many directions. One such elaboration is found in Critical Theory, as founded by Max Horckheimer, Theodor Adorno, and Herbert Marcuse. Through Critical Theory, the scope of critique became broadened considerably. While Marx, and along with him orthodox Marxism, concentrated on economic issues, Critical Theory simultaneously addressed cultural issues, every-day experiences, and artistic expressions.
	Sometimes Michel Foucault has been referred to as the new Kant. This might sound surprising, as Kant was strictly epistemological in his critique while Foucault was political. However, there is a good reason for making the comparison. Kant wanted to identify the basic categories that form our knowledge. To Kant there does not exist any category-free form of knowledge, and by identifying the knowledge-structuring categories, Kant elaborated his epistemic critique. Foucault also found that our knowledge is pre-structured through a range of categories. However, while Kant assumed that he had identified categories of eternal nature, Foucault’s point is that knowledge-structuring categories are formed through a historical process, and that they may include any kind of preconceptions, misunderstandings, and ideologies. This way Foucault questioned many forms of assumed knowledge, and also assumed scientific knowledge. Foucault provided an epistemic critique that at the same time was political.[footnoteRef:20] [20:  See, for instance, Foucault (1989, 1994).] 

	The critical projects of Kant, Marx, the founders of Critical Theory, and Foucault are different, but they share one principal similarity: they do not pay attention to the notion of dialogue. However, to critical mathematics education, dialogue and critique are interrelated activities. The person who in the most profound way related critique and dialogue was Paulo Freire.[footnoteRef:21] Arising out of this inspiration, critical mathematics education considers critical activities as being resourced by dialogical processes.[footnoteRef:22] This is a crucial element in the dialogic epistemology encompassed by critical mathematics education. [21:  It is worth remembering that in Pedagogy of the Oppressed Freire (2005) does not use the word critique. He expresses his critical approach in a different terminology. In critical mathematics education, the inspiration from Freire have been profoundly elaborated by Frankenstein (1983) and Gutstein (2006).]  [22:  In his further development of Critical Theory, Habermas (1984, 1987) paid particular attention to communicative actions. This inspired, for instance, Young (1989) in his formulation of critical education , and the title of his book is: A critical theory of education: Habermas and our children’s future. In his formulation of a critical mathematics education, Avci (2018) has paid special attention to Habermas’ discussion of communicative actions.] 

	To critical mathematics education is it important be critical with respect to mathematics, and to be critical by means of mathematics. To be critical with respect to mathematics means to be ready to question any form of assumed mathematical knowledge. Such an epistemic critique is illustrated by Lakatos’ exposition of the dynamics between proofs and refutations. It also means to be ready to question any form of bringing mathematics in action, and to point out what socio-political impact this might have. To be critical by means of mathematics means to be ready to draw on mathematical resources when questioning cases of social injustice, erosions of democracy, and problems with respect to sustainability. Thus both the epistemic and the socio-political forms of critique are brought in operation through critical mathematics education. Both a critique of mathematics and a critique by means of mathematics draw on dialogic interactions.
	Like dialogue, critique is open-ended. No critique can attain definite validity. Critique continues as tentative and preliminary. This observation has implications for any critical enterprise, and particularly for critical mathematics education. One needs to act against any form of exploitation, oppression, and injustice, but what this could mean and how to do so remain contested issues. Critical mathematics education is not accompanied by well-defined methodological approaches. It needs permanently to be a search for what to do.
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